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We study the geometry of structures on a differentiable manifold related to the algebra of paracomplex
numbers as well as to the algebra of paraquaternions together with a naturally associated metric which
is necessarily of neutral signature. These structure lead to the notion of almost paraHermitian manifold,
in even dimension, as well as to the notion of almost paraquaternionic and hyper-paraHermitian mani-
folds in dimensions divisible by four. Some of these spaces, hyper-paracomplex and hyper-paraHermitian
manifolds, become attractive in theoretical physics since they play a role in string theory [11,40,41,44,
55] and integrable systems [26].
Almost paraHermitian geometry is a topic with many analogies with the almost Hermitian geometry
and also with differences. In the present note we show that a lot of local and some of the global re-
sults in almost Hermitian manifolds carry over, in the appropriately defined form, to the case of almost
paraHermitian spaces.
We define a set of canonical paraHermitian connections on an almost paraHermitian manifold and
use them to describe properties of 4-dimensional paraHermitian and 6-dimensional Nearly paraKähler
spaces.
We present a paraHermitian analogue of the Apostolov–Gauduchon generalization [6] of the
Goldberg–Sachs theorem in General Relativity (see e.g. [57]) which relates the Einstein condition to
the structure of the positive Weyl tensor in dimension 4. Namely, we prove
Theorem 1.1. Let (M,g,P ) be a 4-dimensional paraHermitian manifold. Let W+ be the self-dual part
of the Weyl tensor and θ be the Lee 1-form. The following conditions are equivalent:
(a) The 2-form dθ is anti-self-dual, dθ+ = 0;
(b) W+2 = 0, equivalently, the fundamental 2-form is an eigen-form of W+;
(c) (δW+)− = 0, equivalently, (δW)(X1,0;Y 1,0,Z1,0)= 0.
Corollary 1.2. Assume that the Ricci tensor ρ of a paraHermitian 4-manifold is P -anti-invariant,
ρ(PX,PY )= −ρ(X,Y ). Then dθ is anti-self-dual 2-form, dθ+ = 0.
In particular, on a paraHermitian Einstein 4-manifold the fundamental 2-form is an eigen-form of the
positive Weyl tensor.
It turns out that any conformal class of neutral metrics on an oriented 4-manifold is equivalent to
the existence of a local almost hyper-paracomplex structure, i.e., a collection of anti-commuting almost
complex structure and almost para-complex structure. Using the properties of the Bismut connection, we
derive that the integrability of the almost hyper-paracomplex structure leads to the anti-self-duality of the
corresponding conformal class of neutral metrics (Theorem 6.2). Applying this result to invariant hyper-
paracomplex structure on 4-dimensional Lie groups [4,22] we find explicit anti-self-dual non-Weyl flat
neutral metrics on some compact 4-manifolds. Some of these metrics seem to be new.
We apply our considerations to Kodaira–Thurston complex surfaces modeled on S1 × ˜SL(2,R) (prop-
erly elliptic surfaces) as well as to the Inoe surfaces modeled on Sol41 in the sense of [65]. These surfaces
do not admit any (para) Kähler structure [18,58,65]. It is also known that these surfaces do not support a
hyper-complex structure [23,49].
In contrast, we obtain
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structure. The corresponding hyper-paraHermitian structure has ∇g-parallel Lee form and is locally
(not globally) conformally equivalent to a flat hyper-paraKähler (hypersymplectic) structure.
Theorem 1.4. The Inoe surfaces modeled on Sol41 admit a hyper-paracomplex structure. The corre-
sponding neutral metric is anti-self-dual non-Weyl flat. The para-hermitian structure is locally (but not
globally) conformally hyper-paraKähler (hypersymplectic).
The Inoe surfaces modeled on Sol41 are compact solvmanifolds. A compact 4-dimensional solvmani-
fold S can be written, up to double covering, as G/Γ where G is a simply connected solvable Lie group
and Γ is a lattice of G and all compact four-dimensional solvmanifolds admitting a complex structure are
classified recently in [38]. Except the Inoe surfaces modeled on Sol40, all other compact four-dimensional
solvmanifolds admitting a complex structure support also an hyper-paracomplex structure due to the re-
sults in [29,46,58] and Theorem 1.4. It is also shown in [38] that every complex structure on a compact
4-dimensional solvmanifold is the canonical complex structure induced from the left-invariant complex
structure on the solvable Lie group G. The four-dimensional Lie algebras admitting hyper-paracomplex
structure are classified in [22]. A glance on Lie algebras listed in [22] leads to the conclusion that the
Inoe surfaces modeled on Sol40 do not admit a hyper-paracomplex structure induced from a left-invariant
hyper-paracomplex structure on the solvable Lie group Sol40.
In view of Theorem 6.2 and Theorem 1.4, a naturally arising question is whether the existence of a
self-dual neutral metric distinguishes the Inoe surfaces modeled on Sol41 and the Inoe surfaces modeled
on Sol40, i.e., whether there exists a hyper-paracomplex structure on the Inoe surfaces modeled on Sol40.
We construct an anti-self-dual neutral metric which is not locally conformally hyper-paraKähler (hy-
persymplectic). We adapt the Ashtekar et al. [7] formulation of the self-duality Einstein equations to
the case of neutral metric and modify the Joyce’s construction [45] of hyper-complex structure from
holomorphic functions to get hyper-paracomplex structure.
Some properties of hyper-paracomplex and hyper-paraHermitian structures in higher dimensions are
treated in [42,43].
We prove that the Nijenhuis tensor of a Nearly paraKähler manifold is parallel with respect to the
canonical connection. In dimension six, we show that these spaces are Einsteinian but the Ricci-flat
case can not be excluded. This is in contrast with the case of Nearly Kähler 6-manifolds which are
Einsteinian with positive scalar curvature. We involve twistor machinery to obtain examples of Nearly
paraKähler manifolds. We adapt Salamon’s twistor construction on quaternionic manifold [60–62] to the
paraquaternionic situation. We consider the reflector space of a paraquaternionic manifold as a higher
dimensional analogue of the reflector space of a 4-dimensional manifold with a metric of neutral signa-
ture described in [44]. We show that the reflector space of an Einstein self-dual non-Ricci flat 4 manifold
as well as the reflector space of a paraquaternionic Kähler manifold admit both Nearly paraKähler and
almost paraKähler structures. We present homogeneous as well as non-locally homogeneous examples
of 6-dimensional almost paraKähler and Nearly paraKähler manifolds. However, all our examples of
Nearly paraKähler 6-manifolds are Einstein spaces with non-zero scalar curvature. To the best of the
author’s knowledge there are no known examples of Ricci flat 6-dimensional Nearly paraKähler mani-
folds.
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Let V be a real vector space of even dimension 2n. An endomorphism P :V → V is called a paracom-
plex structure on V if P 2 = 1 and the eigenspaces V +1,V −1 corresponding to the eigenvalues 1 and −1,
respectively are of the same dimension n, V = V + ⊕ V −. Consider the algebra
A = {x + y, x, y ∈ R, 2 = 1}
of paracomplex numbers over R. As in the ordinary complex case, An is identified with (R2n,P ), where
Pv = v. P is called the canonical paracomplex structure on R2n.
The notions of (almost) paracomplex, paraHermitian, para-holomorphic, etc., objects are defined in the
usual way over the paracomplex numbers A, instead of the complex numbers C. A survey on paracomplex
geometry is presented in [24].
A (1,1)-tensor filed P on an 2n-dimensional smooth manifold M is said to be an almost product
structure if P 2 = 1. In this case the pair (M,P ) is called almost product manifold. An almost paracom-
plex manifold is an almost product manifold (M,P ) such that the two eigenbundles T +M and T −M
associated with the two eigenvalues ±1 of P have the same rank. Equivalently, a splitting of the tangent
bundle TM = TM+ ⊕ TM− of the subbundles TM± of the same fiber dimension is called an almost
paracomplex structure. A smooth section of TM+ is called (1,0)-vector field while a smooth section of
TM− is said to be (0,1)-vector field with respect to the almost paracomplex structure. Such a structure
my alternatively be defined as a G-structure on M with structure group GL(n,R)× GL(n,R).
The Nijenhuis tensor N of P is defined by [66]
4N(X,Y )= [PX,PY ] + [X,Y ] − P [PX,Y ] − P [X,PY ].
The structure P is said to be paracomplex if N = 0 [51] which is equivalent to the distributions on M
defined by TM± to be both completely integrable [47]. The paracomplex manifold can also be char-
acterized by the existence of an atlas with paraholomorphic coordinate maps, i.e., the coordinate maps
satisfying the para-Cauchy–Riemann equations [51] (see also [47]).
An almost paraHermitian manifold (M,P,g) is a smooth manifold endowed with an almost paracom-
plex structure P and a pseudo-Riemannian metric g compatible in the sense that
g(PX,Y )+ g(X,PY )= 0.
It follows that the metric g is neutral, i.e., it has signature (n,n) and the eigenbundles TM± are totally
isotropic with respect to g. Equivalently, an almost paraHermitian manifold is a smooth manifold whose
structure group can be reduced to the real representation of the para-unitary group
U(n,A) ∼=
{(
A 0
0 (A−1)t
)
,A ∈ GL(n,R)
}
isomorphic to GL(n,R).
Let e1, . . . , en, en+1 = Pe1, . . . , e2n = Pen be an orthonormal basis and denote i = sign(g(ei, ei)) =
±1, i = 1, i = 1, . . . , n, j = −1, j = n+ 1, . . . ,2n.
The fundamental 2-form F of an almost paraHermitian manifold is defined by
F(X,Y )= g(X,PY ).
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and N in the following way (see e.g. [47])
2(∇gF )(X;Y,Z)= −2g((∇gXP )Y,Z)
(2.1)= dF(X,Y,Z)+ dF(X,PY,PZ)+ 4N(PX;Y,Z).
The Lee form θ is defined by θ = δF ◦ P , where δ = − ∗ d∗ is the co-differential with respect to g. For
1-form α we use the notation Pα(X) = −α(PX). Thus, θ = PδF . We also have
θ(X)=
2n∑
i=1
i(∇gF )(ei; ei,PX)= 12
2n∑
i=1
dF(ei,P ei,X)=
n∑
i=1
dF(ei,P ei,X).
Almost paraHermitian manifolds are classified with respect to the decomposition in invariant and
irreducible subspaces, under the action of the structural group U(n,A), of the vector space of tensors
satisfying the same symmetries as ∇gF [12,30]. We recall the defining conditions of some of the classes:
– ∇gF = 0 ⇔ dF = 0, para-Kähler manifolds;
– N = 0 ⇔ (∇gPXP )PY + (∇gXP )Y = 0, paraHermitian manifolds [56];
– (∇gXP )X = 0, nearly paraKähler manifolds;
– dF = 0, almost paraKähler manifolds;
– dF = θ ∧ F , dθ = 0, paraHermitian manifolds locally conformally equivalent to paraKähler spaces
[14,30].
Examples of almost paraHermitian manifolds including the non-compact hyperbolic Hopf and hyper-
bolic Calabi–Eckmann manifolds [13] are collected in [24]. Another source of examples comes from the
k-symmetric spaces, i.e., homogeneous spaces defined by a Lie group automorphism of order k [10]. Al-
most paraHermitian manifolds are also called almost bi-Lagrangian [44,48]. They arise in relation with
the existence of Killing spinors of an indefinite neutral metric [48].
3. ParaHermitian connections
A linear connection ∇ on an almost paraHermitian manifold (M,g,P ) is said to be paraHermitian
connection, if it preserves the paraHermitian structure, i.e., ∇g = ∇P = 0.
In this section we define canonical paraHermitian connections in a (formally) similar way as it was
done in [33] for an almost Hermitian manifold.
We start with type decomposition of an element B ∈ Λ2(TM). Denote g(X,B(Y,Z)) := B(X;Y,Z).
Let Bi(B) :Λ2(TM) → Λ3 be the Bianchi projector
3Bi(B)(X;Y,Z) = B(X;Y,Z)+B(Y ;Z,X)+B(Z;X,Y ).
Further, we say that B is
– of type (1,1) if B(PX,PY )= −B(X,Y );
– of type (0,2) if B(PX,Y )= −PB(X,Y );
– of type (2,0) if B(PX,Y )= PB(X,Y ).
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B0,2 ⊕B2,0. The projections are given by
B1,1(X,Y )= 1
2
(
B(X,Y )−B(PX,PY )),
B0,2(X,Y )= 1
4
(
B(X,Y )+B(PX,PY )− PB(PX,Y )− PB(X,PY )),
B2,0(X,Y )= 1
4
(
B(X,Y )+B(PX,PY )+ PB(PX,Y )+ PB(X,PY )).
We define an involution In :Λ2(TM) → Λ2(TM) by In(B)(X;Y,Z)= B(X;PY,PZ).
We may consider a 3-form ψ as a totally skew-symmetric section of Λ2(TM). It thus admits two
different type decomposition:
1. Decomposition as a 3-form: ψ = ψ+ ⊕ ψ−, where ψ+ denotes the (1,2) + (2,1)-part and ψ−-the
(3,0)+ (0,3)-part of ψ given by
ψ+(X,Y,Z)= 1
4
(
3ψ(X,Y,Z)−ψ(X,PY,PZ)−ψ(PX,Y,PZ)−ψ(PX,PY,Z)),
ψ−(X,Y,Z)= 1
4
(
ψ(X,Y,Z)+ψ(X,PY,PZ)+ψ(PX,Y,PZ)+ψ(PX,PY,Z)).
2. A type decomposition as an element of Λ2(TM).
The two decompositions are related by ψ− =ψ0,2, ψ+ =ψ2,0 +ψ1,1.
Let ∇ be any paraHermitian connection. Then we have
(3.2)g(∇XY,Z)− g(∇gXY,Z)=A(X;Y,Z),
where A ∈ Λ2(TM) since ∇g = 0.
The torsion of ∇, T (X,Y )= ∇XY − ∇YX − ∇[X,Y ] ∈ Λ2(TM) and
(3.3)T = −A+ 3Bi(A), A= −T + 3
2
Bi(T ), Bi(A) = 1
2
Bi(T ).
We determine ∇ in terms of its torsion.
Denote daF (X,Y,Z) := −dF(PX,PY,PZ) we obtain easily the following
Proposition 3.1. On an almost paraHermitian manifold we have:
(a) The Nijenhuis tensor is of type (0,2). In particular it is trace-free, tr(N)= 0.
The skew-symmetric part of N is given by
(3.4)Bi(N)= 1
3
(daF )−;
(b) The component (∇gF )1,1 = 0.
(c) The component (∇gF )0,2 is determined by N :
(∇gF )0,2(X;Y,Z)= dF−(X,Y,Z)+ 2N(PX;Y,Z)
(3.5)=N(PX;Y,Z)−N(PY ;Z,X)−N(PZ;X,Y ).
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(3.6)(∇gF )2,0(X;Y,Z)= 1
2
(
dF+(X,Y,Z)+ dF+(X,PY,PZ)).
We describe the paraHermitian connections in the next
Theorem 3.2. Let ∇ be a paraHermitian connection. Then
(3.7)T 0,2 = −N, Bi(T 2,0)− Bi(T 1,1) = −1
3
(daF )+.
For any 3-form ψ+ of type (1,2)+ (2,1) and any section Bb of Λ1,1(TM) satisfying Bi(Bb)= 0 there
exists a unique paraHermitian connection whose torsion T is given by the formula
(3.8)T = −N − 1
8
(daF )+ − 3
8
In(daF )+ + 9
8
ψ+ + 3
8
In(ψ+)+Bb.
The corresponding paraHermitian connection is then equal to ∇g + A, where A is obtained from T
by (3.3).
Proof. Since ∇P = 0 we get the first equality in (3.7) by straightforward calculations. We calculate
T 2,0 − T 1,1 =N + In(T ), 3Bi(In(T ))= −daF . Apply (3.4) to derive 3(Bi(T 2,0)− Bi(T 1,1))= −daF +
(daF )− = −(daF )+ which completes the proof of (3.7).
Denote by ψ+ the (1,2)+ (2,1)-form Bi(T 2,0)+ Bi(T 1,1) and use (3.7) to get
(3.9)Bi(T 2,0) = 1
2
(
ψ+ − 1
3
(daF )+
)
, Bi(T 1,1)= 1
2
(
ψ+ + 1
3
(daF )+
)
.
A linear connection ∇ preserves the almost paracomplex structure if and only if A satisfies A(X;PY,Z)+
A(X;Y,PZ) = (∇gF )(X;Y,Z). By means of (3.3) the last equality is equivalent to
−T (X;PY,Z)− T (X;Y,PZ)+ 3
2
(
Bi(T )(X;PY,Z)+ Bi(T )(X;Y,PZ))
(3.10)= (∇gF )(X;Y,Z).
The first consequence of (3.9) and (3.10) is that the (1,1)-part of T which satisfies the Bianchi identity
is free, denote it by T 1,1b = Bb. Take the (0,2) and (2,0) parts of (3.10), apply (3.5), (3.6) and use (3.7),
(3.9) to get formula (3.8). 
Corollary 3.3. Let (M,g,P ) be a 2n-dimensional almost paraHermitian manifold. There exists para-
Hermitian connection on M with totally skew-symmetric torsion if an only if the Nijenhuis tensor is
totally skew-symmetric. In this case the connection is unique and the torsion T is given by
(3.11)T = (daF )+ −N.
Proof. Assume T is a 3-form. Then N is a 3-form due to (3.7) and Bb = 0. We claim ψ+ = (daF )+.
Indeed, ψ+ = 34T + 14daF . On the other hand, ψ+ = Bi(T 2,0) + Bi(T 1,1) = T + N = T + 13(daF )−.
Hence, the claim follows. Substituting ψ+ = (daF )+ into (3.8) we get (3.11). The corollary follows
from Theorem 3.2. 
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Definition 3.4. A paraHermitian connection is called canonical if its torsion T satisfies the following
conditions
(3.12)T 1,1b = 0,
(
Bi(T )
)+ = −2t − 1
3
(daF )+
for some real parameter t . We denote the corresponding connection by ∇ t .
Combining (3.8) with (3.12) we get that the torsion T t of ∇ t is given by
T t = −N − 3t − 1
4
(daF )+ − t + 1
4
In(daF )+.
Any canonical connection is connected with the Levi-Civita connection by
(3.13)
g(∇ tXY,Z)= g(∇gXY,Z)−
1
2
g(∇gXP )(PY,Z)−
t
4
(
(daF )+(X,Y,Z)− (daF )+(X,PY,PZ)).
The paraHermitian connection with torsion 3-form is the canonical connection given by t = −1. Another
remarkable connection is the canonical connection obtained for t = 0 [67],
g(∇0XY,Z)= g(∇gXY,Z)−
1
2
g(∇gXP )(PY,Z), T 0 = −N +
1
4
(daF )+ − 1
4
In(daF )+.
Note that if dF+ = 0 then the real line of the canonical connections degenerates to a point ∇0
with torsion T 0 = −N . Almost paraHermitian manifolds satisfying the condition dF+ = 0 are called
quasi-paraKähler or (1,2)-symplectic. In view of Proposition 3.1, quasi-paraKähler manifolds are char-
acterized by [67], (∇gPXF )(PY,Z)− ((∇gXF )(Y,Z))= 0.
3.1. Canonical connection on paraHermitian manifold
We apply our previous discussion to a paraHermitian manifold, N = 0.
Theorem 3.5. Let (M,g,P ) be a 2n-dimensional paraHermitian manifold.
(a) There exists a unique paraHermitian connection ∇1 on M with torsion T 1 ∈ Λ2,0(TM), i.e., T 1
satisfies
T 1(PX,Y )= PT 1(X,Y ).
This connection is the canonical connection obtained by t = 1 and given by
(3.14)g(∇1XY,Z)= g(∇gXY,Z)−
1
2
dF(PX,Y,Z).
(b) The curvature R1 := [∇1,∇1] − ∇1[,] is of type (1,1) in the sense that
R1(PX,PY )= −R1(X,Y ).
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Bi(T ) = − 13daF since T 1 ∈ Λ2,0(TM). Hence, this is the canonical connection obtained for t = 1 which
proves (a).
To prove (b) we consider the paracomplex coordinate system (x1, . . . , xn, x¯1, . . . , x¯n) around a point
p ∈ M such that ∂
∂x1
, . . . , ∂
∂xn
is an +-eigen-basis of TpM+ and ∂∂x¯1 , . . . , ∂∂x¯n is an −-eigen-basis
of TpM−, i.e., P ∂∂xi = ∂∂xi , P ∂∂x¯i = − ∂∂x¯i . Then the metric and the fundamental 2-form are given by
g = 2gij¯ dxi dxj¯ , F = Fij¯ dxi ∧ dxj¯ , Fij¯ = −Fj¯i = −gij¯ .
Summation in repeated indexes is always assumed. We use the following convention: For a tensor K
of type (p, q), the symbol Kj1,...,j¯p
i1,...,i¯q
means K
j¯1,...,jp
i¯1,...,iq
.
We derive easily the expressions
dFijk = dFi¯j¯ k¯ = 0, dFij k¯ =
∂gik¯
∂xj
− ∂gjk¯
∂xi
, dFi¯j¯k =
∂gkj¯
∂xi¯
− ∂gki¯
∂xj¯
= −dFij k¯.
Due to the Koszul formula, the local components Γ kij of the Levi-Civita connection are given by
Γ kij =
1
2
gks¯
(
∂gis¯
∂xj
+ ∂gjs¯
∂xi
)
, Γ k¯
i¯j¯
= 1
2
gk¯s
(
∂gi¯s
∂xj¯
+ ∂gj¯s
∂xi¯
)
,
(3.15)Γ k
ij¯
= 1
2
gks¯dFj¯ s¯i = Γ kj¯i, Γ k¯ij¯ =
1
2
gsk¯dFsij¯ = Γ k¯j¯ i , Γ k¯ij = Γ ki¯j¯ = 0.
The local components Ckij of ∇1 are calculated from (3.14) and (3.15)
(3.16)Ckij = gks¯
∂gj s¯
∂xi
, Ck¯
i¯j¯
= gsk¯ ∂gsj¯
∂xi¯
, Ck
ij¯
= Ck
i¯j
= Ck¯ij = Cki¯j¯ = Ck¯ij¯ = Ck¯i¯j = 0.
The curvature tensor R1 has the property R1 ◦P = P ◦R1 since ∇1P = 0. To prove (b) it is sufficient to
show R1
ijkl¯
=R1
i¯ j¯ k¯l
= 0 which is a direct consequence of (3.16). 
Further we shall call ∇1 the Chern connection. This connection coincides with the canonical com-
patible connection of the tangent bundle viewed as a paraHermitian, paraholomorphic bundle of rank n
defined in [28].
Corollary 3.6. The curvature Rg of the Levi-Civita connection of a paraHermitian manifold satisfies the
identities
R
g
ijkl =Rgi¯j¯ k¯l¯ = 0,
equivalently
Rg(X,Y,Z,V )+Rg(PX,PY,PZ,PV )+Rg(X,Y,PZ,PV )+Rg(X,PY,Z,PV )
+Rg(X,PY,PZ,V )+Rg(PX,PY,Z,V )+Rg(PX,Y,PZ,V )+Rg(PX,Y,Z,PV )= 0.
The curvature R1 and the torsion T 1 of the Chern connection are given by
R1
ij¯ kl¯
= −gsl¯
∂Csik
∂xj¯
= −gsl¯
∂
∂xj¯
(
gsm¯
∂gkm¯
∂xi
)
, Tk¯ij = dFij k¯.
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For a linear connection ∇ with curvature tensor R on an almost paraHermitian manifold of dimen-
sion 2n we have Ricci type tensors:
– the Ricci tensor ρ(X,Y ) :=∑2ni=1 iR(ei,X,Y, ei);
– the *-Ricci tensor ρ∗(X,Y ) :=∑2ni=1 iR(ei,X,PY,P ei);
– the Ricci form r(X,Y ) := − 12
∑2n
i=1 iR(X,Y, ei,P ei)= −
∑n
i=1 R(X,Y, ei,P ei).
The scalar curvatures are defined to be the corresponding trace:
– the scalar curvature s = trg ρ =∑2ni=1 iρ(ei, ei),
– the ∗-scalar curvature s∗ = trg ρ∗ = 2∑2ni=1 iρ(ei, ei),
– the trace of the Ricci form τ = trg r =∑ni,j=1 r(ei,P ei).
For the Levi-Civita connection, we have the properties (see [56]) ρg∗(X,Y ) = rg(X,PY ), ρg∗(X,Y )+
ρg∗(PY,PX) = 0 and consequently, sg∗ = τ g .
To find relations between the Ricci forms of the canonical Hermitian connection we consider the
paraholomorphic canonical bundle Λn
A
(TM). Any linear connection preserving the structure P , i.e.,
preserving the eigensubbubdles TM+ and TM−, induces a connection on the line bundle Λn
A
(TM)
with curvature equal to (−) its Ricci form. Let s be a section of Λn
A
(TM). From (3.13) we infer that
∇ t s = ∇0s + t2Pθ ⊗ s. Consequently rt = r0 − t2d(P θ). In particular the Ricci forms of the Bismut and
Chern connection are related by
(3.17)r−1 = r1 + d(P θ).
4. ParaHermitian 4-manifold
In this section we find a paraHermitian analogue of the Apostolov–Gauduchon generalization [6] of
the Goldberg–Sachs theorem in General Relativity (see e.g. [57]). We prove the result using the properties
of the Chern connection.
Let (M,g) be an oriented pseudo-Riemannian 4-manifold with neutral metric g of signature
(+,+,−,−). This is equivalent, on one hand to the existing of an almost paracomplex structure, and
on the other hand, to the existence of two kinds of almost complex structures. In a compact case the
second property leads to topological obstruction to the existence of neutral metric expressed in terms of
the signature and the Euler characteristic [53].
The bundle Λ2M of real 2-forms of a neutral Riemannian 4-manifold splits
(4.18)Λ2M =Λ+M ⊕Λ−M,
where Λ+M , resp. Λ−M is the bundle of self-dual, resp. anti-self-dual 2-forms, i.e., the eigen-sub-bundle
with respect to the eigenvalue +1, resp. −1, of the Hodge ∗-operator acting as an involution on Λ2M .
We also may consider the connected component SO+(2,2) of the structure group SO(2,2). This group
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and TM = S+ ⊕ S− which induces the splitting (4.18).
We will freely identify vectors and co-vectors via the metric g.
The self-dual part W+ = 12(W + ∗W) of the Weyl tensor W is viewed as a section of the bundle
W+ = Sym0Λ+M of symmetric traceless endomorphisms of Λ+M .
Let P be an almost paracomplex structure compatible with the metric g such that (g,P ) defines an
almost paraHermitian structure. Then the fundamental 2-form F is a section of Λ+M and has constant
norm 2. Conversely, any smooth section of Λ+M with constant norm 2 is the fundamental 2-form of an
almost paracomplex structure. Our considerations in this section are complementary to that in [5] in the
sense that a section of Λ+M with norm −2 can be considered as a Kähler form of an almost complex
structure, the case investigated in [5].
We have the following orthogonal splitting for Λ+M
(4.19)Λ+M = R.F ⊕Λ+0 M,
where Λ+0 =Λ0,2M ⊕Λ2,0M denotes the bundle of P -invariant real 2-forms φ, φ(PX,PY )= φ(X,Y ).
In accordance with (4.19) the bundle W+ splits into three pieces as follows:
W+ = W+1 ⊕ W+2 ⊕ W+3 ,
where
– W+1 = M × R is the sub-bundle of elements preserving (4.19) and acting by the homothety on the
two factors, hence the trivial line bundle generating by the elements 34F ⊗ F − 12 id;
– W+2 is the sub-bundle of elements which exchange the two factors in (4.19): each element φ ∈ Λ+0 M
is identified with the element 12(F ⊗ φ + φ ⊗ F);
– W+3 is the subbundle of elements preserving the splitting (4.19) and acts trivially on the first factor
R.F , i.e., it is the space of those endomorphisms of Λ+0 which are P -invariant.
Thus, W+ can be written in the form
(4.20)W+ = f
(
3
4
F ⊗ F − 1
2
id
)
+ 1
2
(F ⊗ φ + φ ⊗ F)+W+3 ,
where f is some real function.
In dimension 4 the Lee form θ determines dF completely by
(4.21)dF = θ ∧ F.
In particular, dθ is trace-free,
∑2
i=1 dθ(ei,P ei) = 0. Hence, the self-dual part dθ+ of dθ is a section
of Λ+0 M .
To any 4-dimensional almost paraHermitian manifold with a Lee form θ one can associate the canon-
ical Weyl structure, i.e., a torsion-free connection ∇w determined by the equation ∇wg = θ ⊗ g. The
conformal scalar curvature k of an almost paraHermitian structure is defined to be the scalar curvature of
the canonical Weyl structure with respect to the metric g. Then (see e.g. [32])
(4.22)k = s − 3
2
(
g(θ, θ)+ 2δθ).
The conformal scalar curvature is conformally invariant of weight −2, i.e., if g′ = f −2g then k′ = f 2k.
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Let (M,g,P ) be a 4-dimensional paraHermitian manifold. The Chern connection ∇1 and the Levi-
Civita connection are related by g(∇1XY,Z)= g(∇gXY,Z)− 12(θ ∧F)(PX,Y,Z) due to (3.14) and (4.21).
Consequently,
R1(X,Y,Z,V ) =Rg(X,Y,Z,V )− 1
2
d(P θ)(X,Y )F (V,Z)
+ 1
2
(
L(Y,Z)g(V,X)−L(X,Z)g(V,Y )+L(X,V )g(Y,Z)
(4.23)−L(Y,V )g(Z,X)),
where the tensor L has the form
(4.24)L(X,Y ) = (∇gXθ)Y +
1
2
θ(X)θ(Y )− 1
4
g(θ, θ)g(X,Y ).
The curvature R1 is of type (1,1) according to Theorem 3.5. Then (4.23), (4.24) imply, in local para-
holomorphic coordinates, that
R
g
ijkl¯
= −1
2
(Ljkgil¯ −Likgj l¯ + dθijgkl¯), Rgi¯j¯ k¯l =R
g
ijkl¯
;
R
g
ij k¯l¯
= −1
2
(Ljk¯gil¯ −Lik¯gj l¯ −Ljl¯gik¯ +Lil¯gjk¯), Rgi¯j¯kl =R
g
ij k¯l¯
,
(4.25)Lij = ∇gi θj +
1
2
θiθj , Lij¯ = ∇gi θj¯ +
1
2
θiθj¯ −
1
4
|θ |2gij¯ .
We take the traces in (4.23), (4.25), (3.17) and use (4.22) to get our technical
Proposition 4.1. The Ricci tensors and the scalar curvatures of a 4-dimensional paraHermitian manifold
satisfy the conditions
ρ
g
jk =Rgijki¯ +R
g
ikj i¯
= −1
2
(∇gj θk + ∇gk θj + θj θk), ρgj¯ k¯ = ρ
g
jk,
ρ
g∗
jk = −Rgijki¯ +R
g
ikj i¯
= −1
2
dθjk, ρ
g∗
j¯ k¯
= ρg∗jk ,
ρ
g
jk¯
+ ρg∗
j k¯
= 2Rg
ij k¯i¯
=
(
1
2
δθ + 1
4
g(θ, θ)
)
gjk¯,
s + s∗ = 2δθ + g(θ, θ),
k = −1
2
(s + 3s∗) = −τ−1.
In particular, the conformal scalar curvature is equal to (−) the trace of the Ricci form of the Bismut
connection. Therefore, the trace of the Ricci form of the Bismut connection is a conformal invariant of
weight −2.
We note that the expression of the (1,1)-part of the sum of the two Ricci tensors and the formula for
the sum of the two scalar curvatures in Proposition 4.1 were obtained in [56].
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manifold presented in [6]. We described it in the following
Lemma 4.2. On a 4-dimensional paraHermitian manifold the third component W+3 of W+ vanishes
identically and the positive Weyl tensor is given by
(4.26)W+ = k
8
F ⊗ F − k
12
id−1
4
ψ ⊗ F − 1
4
F ⊗ψ,
where the two form ψ is determined by the self-dual part of dθ+,ψij = dθij .
Proof. On a 4-dimensional pseudo-Riemannian manifold the Weyl tensor is expressed in terms of the
normalized Ricci tensor h= − 12(ρ − s6g) as follows
W(X,Y,Z,V )=Rg(X,Y,Z,V )− h(X,Z)g(Y,V )
(4.27)+ h(Y,Z)g(X,V )− h(Y,V )g(X,Z)+ h(X,V )g(Y,Z).
The condition W+3 = 0 is a consequence of (4.27) and Corollary 3.6, due to the relation Wijkl =Rgijkl = 0.
According to (4.20) we have W(F) = W+(F ) = fF + ψ . We calculate from (4.27) applying Proposi-
tion 4.1 that
Wijkk¯ = −
1
2
dθij , Wij¯kk¯ =
k
6
gij¯ .
Hence, the lemma follows. 
Another glance at (3.17) leads to the expression r−1ij = −dθij , r−1i¯ j¯ = dθi¯j¯ since the Ricci form of the
Chern connection is of type (1,1). The last equalities and Lemma 4.2 imply
Proposition 4.3. A 4-dimensional paraHermitian manifold is anti-self-dual (W+ = 0) if and only if the
Ricci form of the Bismut connection is an anti-self-dual 2-form.
Consider the co-differential of the positive Weyl tensor δW+ as an element of Λ20(T ∗M). Then we
have the splitting
δW+ = (δW+)+ ⊕ (δW+)−,
where (δW+)+ is a section of Λ(2,0)+(1,1)0 (T ∗M) while (δW+)− is a section of Λ
0,2
0 (T
∗M). In particular,
(δW+)− = 0 if and only if the co-differential of the whole Weyl tensor vanishes on any three (1,0)-
vectors.
4.2. Proof of Theorem 1.1
The equivalence (a) ⇔ (b) is proved in Lemma 4.2.
The second Bianchi identity reads as
δW(X;Y,Z)= (∇gY h)(Z,X)− (∇gZh)(Y,X).
On (1,0) vectors it gives due to (3.15) that
(4.28)(δW+)(X1,0;Y 1,0,Z1,0)= (∇g ρ)(Z1,0,X1,0)− (∇g ρ)(Y 1,0,X1,0).
Y 1,0 Z1,0
218 S. Ivanov, S. Zamkovoy / Differential Geometry and its Applications 23 (2005) 205–234Assume dθij = 0. Then Proposition 4.1, the Ricci identities and (4.25) imply ∇gi ρjk −∇gj ρik = 0. Hence,
(δW+)− = 0 due to (4.28). The implication (a) ⇒ (c) is proved.
Let (δW+)− = 0. The local components of the Chern connection and its torsion tensor are given by
Ckij = Γ kij +
1
2
(θiδ
k
j − θj δki ), T kij = θiδkj − θj δki .
Eq. (4.28), in terms of the Chern connection, takes the form
(4.29)∇1i ρjk − ∇1j ρik =
3
2
(θjρik − θiρjk).
The Ricci identities for the Chern connection, ∇1i ∇1j θk − ∇1j∇1i θk = θj∇1i θk − θi∇1j θk , the first equality
in Proposition 4.1 and (4.29) yield
∇1i dθjk − ∇1j dθik = θk dθij −
3
2
(θidθjk − θj dθik).
Make a cyclic permutation in the latter then add the two and subtract the third of the obtained equalities
to get
(4.30)∇1i dθjk = −2θi dθjk +
1
2
(θj dθki − θk dθji).
Take the covariant derivative in (4.30) and apply (4.30) to the obtained result to derive
∇1l ∇1i dθjk = −2∇1l θi dθjk +
1
2
(∇1l θj dθki − ∇1l θk dθji)
(4.31)+ 4θiθl dθjk + 54(θiθj dθlk − θiθk dθlj )− (θj θl dθki − θkθl dθji).
The Ricci identity ∇1i ∇1j dθkl − ∇1j∇1i dθkl = −θi∇1j dθkl + θj∇1i dθkl and (4.31) imply
2dθli dθjk + 34(θiθj dθkl + θiθk dθlj − θj θl dθki − θkθl dθij )
= 1
2
(dθij∇1l θk + dθki∇1l θj − dθkl∇1i θj − dθlj∇1i θk).
Change l ↔ j , i ↔ k into the latter equality and sum up the results to obtain
4dθli dθjk = dθlk dθij + dθlj dθki .
From the last equality we easily infer 5dθli dθjk = 0. Hence, dθjk = 0 which completes the proof of
Theorem 1.1. 
We consider the question of integrability of totally isotropic real 2-plane supplementary distributions
on an oriented 4-dimensional neutral Riemannian manifold. Any such splitting of the tangent bundle
defines an almost paracomplex structure compatible with the neutral metric, such that we get an almost
paraHermitian 4-manifold. The integrability of 2-plane supplementary distributions is equivalent to the
integrability of the almost paracomplex structure. A necessary condition is the vanishing of the third
component W+3 of the positive Weyl tensor, which is equivalent to the vanishing of the whole Weyl
tensor on the 2-plane distribution. Note that this is equivalent to the vanishing of the whole curvature on
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(see also [5]) which can not have always real-root solutions. In the case of existence, we give sufficient
conditions for the integrability of P in the following
Theorem 4.4. Let (M,g) be an oriented neutral Riemannian 4-manifold with nowhere vanishing positive
Weyl tensor W+. Suppose that P is an almost paracomplex structure such that W+ vanishes on each
eigen-subbundle determined by P , i.e., the component W+3 of W+ with respect to P vanishes. Then any
of the two following three conditions imply the third:
(i) W+2 = 0;
(ii) (δW+)− = 0;
(iii) the paracomplex structure P is integrable.
Proof. Observe that any smooth section F of Λ+M with constant norm 2 is the fundamental 2-form of
an almost paracomplex structure. Replacing M by a two-fold covering, if necessary, the positive Weyl
tensor W+ can be written in the form (4.20), where f is a smooth function and W+3 = 0.
According to Theorem 1.1 we have to show that (i) and (ii) imply (iii).
Assume W+2 = 0. Then W+ = 34fF ⊗ F − 12f id. Using the definition of the Lee form, we calculate
easily that
(4.32)(δW+)X =
(
1
2
P df (X)− 3
4
fPθ(X)
)
F − 3
4
f∇gPXF +
1
4
(df ∧X + P df ∧ PX).
The (0,2)-part of (4.32) gives 0 = (δW+)− = (∇gF )0,2. Using (3.5) we infer N = 0. 
Corollary 4.5. Let (M,g,P ) be an almost paraHermitian 4-manifold.
(i) Suppose W+ = 0 everywhere and W+2 = W+3 = 0. Then (δW+)+ = 0 is equivalent to
d(|W+|−2/3F) = 0.
(ii) Suppose (M,g,P ) is a paraHermitian 4-manifold. If it has nowhere vanishing positive Weyl tensor
then δW+ = 0 if and only if g′ = |W+|−2/3g is a paraKähler metric.
The Ricci tensor ρg of g is P -anti-invariant if and only if the vector field P gradg′ f , where f =
|W+|−1/3 is a Killing vector field with respect to the paraKähler metric g′.
In particular, a paraHermitian Einstein 4-manifold is either with everywhere vanishing positive Weyl
tensor or is globally conformal to a paraKähler space. In the latter case there exists non-zero Killing
vector field with respect to the paraKähler metric.
Proof. The (2,0)+ (1,1)-part of (4.32) yields
(δW+)+X =
3
2
(
1
3
P df (X)− 1
2
fPθ(X)
)
F
+ 3
4
[(
1
3
df − 1
2
f θ
)
∧X +
(
1
3
P df − 1
2
fPθ
)
∧ PX
]
.
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The condition (ii) is a consequence of (i) and Theorem 4.4. 
5. Nearly paraKähler manifolds
An almost paraHermitian manifold is called Nearly paraKähler (nearly bi-Lagrangian) if the almost
paraHermitian structure is not para-Kähler and satisfies the identity
(∇gXP )X = 0 ⇔ (∇gXF )(Y,Z)+ (∇gYF )(X,Z)= 0.
An example of nearly paraKählerian 6-manifold is given in [13].
We denote the unique canonical connection ∇0 on a Nearly paraKähler manifold by ∇ .
Applying the statements in Proposition 3.1, we get
Proposition 5.1. A nearly paraKähler manifold is quasi-Kähler, dF+ = 0, the Nijenhuis tensor N is
a 3-form and the torsion T of the unique canonical connection is determined by the Nijenhuis tensor,
T = −N = P∇P .
Many properties of nearly paraKähler manifolds are, in some sense, formally very similar to these of
nearly Kähler manifolds studied mainly by A. Gray [35–37]. Below we follow roughly [37,50] (see also
[15]).
Proposition 5.2. On a nearly paraKähler manifold the following identity holds
(5.33)Rg(X,Y,Z,V )+Rg(X,Y,PZ,PV )= g((∇gXP )Y, (∇gZP )V ).
Proof. The nearly paraKähler condition implies (∇gXP )(Y,PY ) = 0. Then, we get easily that Rg(X,Y,
X,Y ) + Rg(X,Y,PX,PY ) = g((∇gXP )Y, (∇gXP )Y ). Polarizing the latter equality and using Bianchi
identity, we obtain (5.33). 
Our crucial result in this section is the following
Theorem 5.3. On a nearly paraKähler manifold the Nijenhuis tensor is parallel with respect to the
canonical connection ∇ ,
∇N = −∇T = 0.
Proof. The curvature Rg of the Levi-Civita connection and the curvature R of the canonical connection
are related by
Rg(X,Y,Z,V )=R(X,Y,Z,V )− 1
2
(∇XT )(Y,Z,V )+ 12(∇Y T )(X,Z,V )
− 1
2
g
(
T (X,Y ), T (Z,V )
)− 1
4
g
(
T (Y,Z),T (X,V )
)
(5.34)− 1g(T (Z,X),T (Y,V )).
4
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Rg(X,Y,Z,V )+Rg(X,Y,PZ,PV )
= −(∇XT )(Y,Z,V )+ (∇Y T )(X,Z,V )− g
(
T (X,Y ), T (Z,V )
)
.
Comparing the latter equality with (5.33), we derive (∇XT )(Y,Z,V ) − (∇Y T )(X,Z,V ) = 0. Take the
cyclic sum and add the result to conclude ∇T = 0. 
Corollary 5.4. On a nearly paraKähler manifold the following identities hold
Rg(X,Y,Z,V )+Rg(X,Y,PZ,PV )+Rg(PX,Y,PZ,V )+Rg(PX,Y,Z,PV )= 0,
Rg(X,Y,Z,V )=Rg(PX,PY,PZ,PV );
R(X,Y,Z,V )=R(Z,V,X,Y )= −R(PX,PY,Z,V )= −R(X,Y,PZ,PV );
ρg(PX,PY )= −ρg(X,Y ), ρg∗(PX,PY )= −ρg∗(X,Y )= −ρg∗(Y,X),
ρ(X,Y )= ρ(Y,X), r(PX,PY )= −r(X,Y ),
(5.35)ρg(X,Y )− ρ(X,Y )= 1
2
n∑
i=1
g
(
T (X, ei), T (Y, ei)
)
,
(5.36)ρg(X,Y )+ ρg∗(X,Y )= 2
n∑
i=1
g
(
T (X, ei), T (Y, ei)
)
,
(5.37)ρg∗(X,Y )= rg(X,PY )= r(X,PY )− 1
2
n∑
i=1
g
(
T (X, ei), T (Y, ei)
)
,
(5.38)3ρg(X,Y )− ρg∗(X,Y )= 4ρ(X,Y ),
(5.39)ρg(X,Y )+ 5ρg∗(X,Y )= 4r(X,PY ).
Proof. Put ∇T = 0 into (5.34) to get
Rg(X,Y,Z,V )=R(X,Y,Z,V )− 1
2
g
(
T (X,Y ), T (Z,V )
)− 1
4
g
(
T (Y,Z),T (X,V )
)
(5.40)− 1
4
g
(
T (Z,X),T (Y,V )
)
.
All the identities in the corollary are easy consequences of (5.40). 
5.1. Nearly paraKähler manifolds of dimension 6
We recall that a nearly paraKähler manifold is said to be of constant type α ∈ R if
(5.41)g((∇gXP )Y, (∇gXP )Y )= α(g(X,X)g(Y,Y )− g2(X,Y )+ g2(PX,Y )).
In the Nearly Kähler case the constant type condition (with positive constant α) occurs only in di-
mension 6 and any 6-dimensional Nearly Kähler manifold is an Einstein manifold with positive scalar
curvature [37]. It is observed in [48] that in the Nearly paraKähler case the constant type phenomena
occurs but the zero-value of α can not be excluded. We describe the structure of the Ricci tensor in the
next theorem.
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α ∈ R and the following relations hold
(5.42)ρg = 5αg, ρg∗ = −αg, ρ = 4αg.
Consequently, the Riemannian scalar curvature sg = 30α.
In particular, if α = 0 then the manifold is Ricci flat.
Proof. Let e1, e2, e3,P e1,P e2,P e3 be an orthonormal local basis of smooth vector fields. The torsion T
of the canonical connection (or equivalently, the Nijenhuis tensor N ) is a 3-form of type (3,0)+ (0,3).
Therefore we may write T (e1, e2) = ae3 + bPe3, where a and b are smooth functions which turn to be
constants because the torsion is ∇-parallel. It is easy to calculate that (5.41) holds with α = a2 − b2.
Moreover, we get the formula
(5.43)
3∑
i=1
g
(
T (X, ei), T (Y, ei)
)= 2(a2 − b2)g(X,Y )= 2αg(X,Y ).
The Nearly paraKähler condition implies (a, b) = (0,0). In particular, the (3,0)+ (0,3)-form T is non-
degenerate. On the other hand, ∇T = 0, due to Theorem 5.3. Hence, the Ricci 2-form of the canonical
connection vanishes as a curvature of a flat line bundle. The condition r = 0 and Corollary 5.4 completes
the proof. 
Remark 5.6. Using similar arguments as in the Nearly Kähler situation [37] we derive that a Nearly
paraKähler manifold of non-zero constant type has to be of dimension 6.
6. Examples, twistors and reflectors on paraquaternionic manifolds
To obtain examples of nearly paraKähler manifolds we involve twistor machinery. We are going to
adapt Salamon’s twistor construction on quaternionic manifolds [60–62] to the paraquaternionic spaces.
6.1. Paraquaternionic manifolds
Both quaternions H and paraquaternions H˜ are real Clifford algebras, H = C(2,0), H˜ = C(1,1) ∼=
C(0,2). In other words, the algebra H˜ of paraquaternions is generated by the unity 1 and the generators
J1, J2, J3 satisfying the paraquaternionic identities,
(6.44)J 21 = J 22 = −J 23 = 1, J1J2 = −J2J1 = J3.
We recall the notion of almost paraquaternionic manifold introduced by Libermann [51]. An almost
quaternionic structure of the second kind on a smooth manifold consists of two almost product structures
J1, J2 and an almost complex structure J3, which mutually anti-commute, i.e., these structures satisfy the
paraquaternionic identities (6.44). Such a structure is also called complex product structure [2,4].
An almost hyper-paracomplex structure on a 4n-dimensional manifold M is a triple H˜ = (Jα), α =
1,2,3, where Ja , a = 1,2, are almost paracomplex structures Ja :TM → TM , and J3 :TM → TM is
an almost complex structure, satisfying the paraquaternionic identities (6.44). When each J , α = 1,2,3,α
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called sometimes pseudo-hyper-complex [26]. Any hyper-paracomplex structure admits a unique torsion-
free connection ∇ob preserving J1, J2, J3 [2,4] called the complex product connection.
In fact an almost hyper-paracomplex structure is hyper-paracomplex if and only if any two of the three
structures Jα are integrable, due to the following
Proposition 6.1. The Nijenhuis tensors Nα of an almost hyper-paracomplex structure H˜ = (Jα), α =
1,2,3, are related by:
2Nα(X,Y )=Nβ(JγX,Jγ Y )− JγNβ(JγX,Y )− JγNβ(X,Jγ Y )− J 2γ Nβ(X,Y )
+Nγ (JβX,JβY )− JβNγ (JβX,Y )− JβNγ (X,JβY )− J 2βNγ (X,Y ).
Proof. The formula follows by very definitions with long but standard computations. 
We note that during the preparation of the manuscript the formula in the Proposition 6.1 appeared in
the context of Lie algebras in [22].
An almost paraquaternionic structure on M is a rank-3 subbundle P ⊂ End(TM) which is locally
spanned by an almost hyper-paracomplex structure H˜ = (Jα); such a locally defined triple H˜ will be
called admissible basis of P . A linear connection D on TM is called paraquaternionic connection if D
preserves P , i.e., there exist locally defined 1-forms ωα , α = 1,2,3, such that
(6.45)
DJ1 = −ω3 ⊗ J2 +ω2 ⊗ J3, DJ2 = ω3 ⊗ J1 +ω1 ⊗ J3, DJ3 = ω2 ⊗ J1 +ω1 ⊗ J2.
Consequently, the curvature RD of D satisfies the relations
[RD,J1] = −A3 ⊗ J2 +A2 ⊗ J3,
[RD,J2] =A3 ⊗ J1 +A1 ⊗ J3,
[RD,J3] =A2 ⊗ J1 +A⊗ J2,
(6.46)A1 = dω1 +ω2 ∧ω3, A2 = dω2 +ω3 ∧ω1, A3 = dω3 −ω1 ∧ω2.
An almost paraquaternionic structure is said to be a paraquaternionic if there is a torsion-free
paraquaternionic connection.
A P -Hermitian metric is a pseudo Riemannian metric which is compatible with the (almost) hyper-
paracomplex structure H˜ = (Jα), α = 1,2,3, in the sense that the metric g is skew-symmetric with
respect to each Jα , α = 1,2,3, i.e.,
(6.47)g(J1. , J1.)= g(J2. , J2.)= −g(J3. , J3.)= −g(. , .).
The metric g is necessarily of neutral signature (2n,2n). Such a structure is called (almost) hyper-
paraHermitian structure.
An almost paraquaternionic (resp. paraquaternionic) manifold with P-Hermitian metric is called an
almost paraquaternionic Hermitian (resp. paraquaternionic Hermitian) manifold. If the Levi-Civita
connection of a paraquaternionic Hermitian manifold is paraquaternionic connection, then the mani-
fold is said to be paraquaternionic Kähler manifold. This condition is equivalent to the statement that
the holonomy group of g is contained in Sp(n,R)Sp(1,R) for n  2 [31,64]. A typical example is the
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paraquaternionic Kähler manifold of dimension 4n 8 is known to be Einstein with scalar curvature s
[31,64]. If on a paraquaternionic Kähler manifold there exists an admissible basis (H˜ ) such that each Jα ,
α = 1,2,3, is parallel with respect to the Levi-Civita connection, then the manifold is said to be hyper-
paraKähler. Such manifolds are also called hypersymplectic [39], neutral hyper-Kähler [29,46]. The
equivalent characterization is that the holonomy group of g is contained in Sp(n,R) if n 2 [64].
When n  2, the paraquaternionic condition, i.e., the existence of torsion-free paraquaternionic con-
nection is a strong condition which is equivalent to the 1-integrability of the associated GL(n, H˜ )Sp(1,
R) ∼= GL(2n,R)Sp(1,R)-structure [2,4]. Such a structure is a type of a para-conformal structure [9] as
well as a type of generalized hypercomplex structure [17].
6.2. Hyper-paracomplex structures on 4-manifold
For n = 1 an almost paraquaternionic structure is the same as an oriented neutral conformal structure
and turns out to be always paraquaternionic [22,26,31,64]. The existence of a (local) hyper-paracomplex
structure is a strong condition because of the next
Theorem 6.2. If on a 4-manifold there exists a (local) hyper-paracomplex structure then the correspond-
ing neutral conformal structure is anti-self-dual.
Proof. Let (g, (Jα),α = 1,2,3) be an almost hyper-paraHermitian structure with fundamental 2-form
Fα associated to each Jα . Denote by θ1, θ2, θ3 the corresponding Lee forms (defined by θα = −δFα ◦ J 3α ).
Lemma 6.3. The structure (g, (Jα),α = 1,2,3) is a hyper-paracomplex structure, if and only if the three
Lee forms coincide, θ1 = θ2 = θ3.
Proof. The Levi-Civita connection satisfies (6.45). Consequently the Nijenhuis tensors obey
(6.48)Nα = −Bα ⊗ Jβ + Jβ ⊗Bα − JαBα ⊗ Jγ + Jγ ⊗ JαBα, Bα = ωβ − J 3αωγ .
Simple calculations using (6.45) give
θ1 = −J2ω2 + J3ω3, θ2 = J1ω1 + J3ω3, θ3 = −J2ω2 + J1ω1.
The last three identities and (6.48) yield
J1(θ2 − θ1)= B3, J2(θ2 − θ3) = B1, J3(θ3 − θ1) = B2.
Another glance at (6.48) completes the proof of the lemma. 
Suppose that each Jα,α = 1,2,3, is integrable. Denote the common Lee form by θ and take the 3-
form T to be the Hodge-dual to θ with respect to g. We have the identities T = ∗θ = −θ ◦ J1 ∧ F1 =
−θ ◦J2 ∧F2 = +θ ◦J3 ∧F3. Then the Bismut connections of the three structures coincide, i.e., the linear
connection ∇b := ∇g + 12T preserves the metric and each Jα , α = 1,2,3. Therefore, each fundamental
two form is parallel with respect to this connection, ∇bFα = 0, α = 1,2,3. Consequently, the 2-form
Φ1 = F2 + F3 is ∇b-parallel, ∇bΦ1 = 0. The 2-form Φ1 is a (2,0) + (0,2)-form with respect to J1.
Hence, the Ricci form of the Bismut connection vanishes and W+ = 0 due to Proposition 4.3. 
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F. Battaglia and S. Salamon (see [34]).
The universal cover ˜SL(2,R) of the Lie group SL(2,R) admits a discrete subgroup Γ such that the
quotient space ˜(SL(2,R)/Γ ) is a compact 3-manifold [54,59,63]. Such a space has to be Seifert fibre
space [63] and all the quotients are classified in [59]. The compact 4-manifold M = S1 × ˜(SL(2,R)/Γ )
admits a complex structure and is known as Kodaira–Thurston surface modeled on S1 × ˜SL(2,R) [65].
6.3. Proof of Theorem 1.3
Let S22(1) = {R4  (a, b, c, d): a2 + b2 − c2 − d2 = 1} be the unit pseudo-sphere with respect to the
standard neutral metric in R4. We consider the so-called hyperbolic Hopf manifold R×S22(1) isomorphic
to the Lie group R × SL(2,R). The Lie algebra R × sl(2,R) ∼= gl(2,R) has a basis {W,X,Y,Z} with Z
central and non-zero brackets given by
[X,Y ] =W, [Y,W ] = −X, [W,X] = Y.
An almost paracomplex structure on R × SL(2,R) is constructed in [13]. The Lie algebra R × sl(2,R)
supports a hyper-paracomplex structure given by [4,22]
J3Z =X, J3Y =W, J2Z = Y, J2X = −W.
We pick a compatible neutral metric g, in the corresponding conformal class, defined such that the ba-
sis {W,X,Y,Z} is an orthonormal basis, X,Z have norm 1 while Y,W have norm −1, g(X,X) =
g(Z,Z)= −g(W,W)= −g(Y,Y )= 1.
Lemma 6.4. The invariant hyper-paraHermitian structure on R× SL(2,R), described above, is non-flat
conformally equivalent to a flat hyper-paraKähler structure.
More precisely, the Lee form θ = −Z is ∇g-parallel and the complex product connection coincides
with the Levi-Civita connection of the flat hyper-paraKähler metric gob = e−t g, where t is the local
coordinate on R.
Proof. The Koszul formula gives the following non-zero terms:
2∇gXY =W, 2∇gYW = −X, 2∇gWX = Y,
2∇gXW = −Y, 2∇gYX = −W, 2∇gWY =X.
It is easy to check that g is not flat and θ = −Z = −dt satisfies ∇gθ = 0. The Levi-Civita connection of
the conformal metric g′ = e−t g is determined by
2∇g′A B := 2∇gAB − θ(A)B − θ(B)A+ g(A,B)θ.
It is straightforward to verify that ∇g′ preserves J1, J2, J3. Hence, it is the complex product connection
and the metric g′ is hyper-paraKähler. It is not difficult to calculate that the connection ∇g′ is flat which
proves the lemma. 
An (left) invariant Weyl-flat hyper-paraHermitian structure on R× SL(2,R) is just the neutral product
of the standard Lorentz metric of constant sectional curvature on the unit pseudo-sphere S2(1), induced2
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ds2 = (coshy)2(cosh z)2 dx dx + dt dt − (cosh z)2 dy dy − dz dz.
The left-invariant Weyl-flat hyper-paraHermitian structure on R × ˜SL(2,R) described in Lemma 6.4
descends to M = S1 × ˜(SL(2,R)/Γ ). The descended structure is not globally conformal to a hyper-
paraKähler structure since the closed Lee form θ is actually a 1 form on the circle S1 and therefore can
not be exact. Hence, the proof of Theorem 1.3 is completed. 
The 4-dimensional Lie algebras admitting a hyper-paracomplex structure were classified recently
in [22]. It is shown in [22] that exactly 10 types of Lie algebras admit a hyper-paracomplex structure.
Theorem 6.2 tells us that the corresponding neutral metrics are anti-self-dual. We show below that some
of them are not conformally flat.
Note that all 4-dimensional Lie groups admitting anti-self-dual non-Weyl-flat Riemannian metric are
classified in [25].
Example 6.5. We recall the construction of hyper-paracomplex structures on some 4-dimensional Lie
algebras keeping the notations in [22].
(i) Consider the solvable Lie algebra PHC5 with a basis {X,Y,Z,W }, non-zero bracket [X,Y ] =X
and hyper-paracomplex structure given by
J3Z =W, J3X = Y, J2Z =W, J2X = Y −Z, J2Y =X +W.
Consider the oriented basis A = X, B = Y , C = Y − Z, D = −X − W and pick a compatible
neutral metric g with non-zero values on the basis {A,B,C,D} given by g(A,A) = g(B,B) =
−g(C,C) = −g(D,D) = 1. The metric g on the corresponding simply connected solvable Lie
group is conformally hyper-paraKähler (hypersymplectic) since the Lee form θ = B − C is
closed and therefore exact. It is anti-self-dual metric with non-zero Weyl tensor because its
curvature Rg(A,B,C,D)= 1. In local coordinates {x, y, z, t}, the metric is given by
ds2 = e2y dx dx + dy dy − e−y(dx dt + dt dx)+ (dy dz+ dz dy).
(ii) Consider the solvable Lie algebras PHC6, PHC9, PHC10 defined by non-zero brackets:
PHC6 [X,Y ] = Z, [X,W ] =X + aY + bZ, [W,Y ] = Y ;
PHC9 [Z,W ] = Z, [X,W ] = cX + aY + bZ, [Y,W ] = Y, c = 0;
PHC10 [Y,X] = Z, [W,Z] = cZ, [W,X] = 12X + aY + bZ, [W,Y ] = (c − 12)Y , c = 0.
These algebras admit a hyper-paracomplex structure defined by
J3Z = Y, J3X =W, J2Z = Y, J2X =W −Z, J2W =X + Y.
Consider the oriented frame A = X, B = W , C = W − Z, D = −X − Y . A compatible met-
ric g is defined such that the frame {A,B,C,D} is orthonormal with g(A,A) = g(B,B) =
−g(C,C) = −g(D,D) = 1. The Lee forms of these hyper-paraHermitian structures are closed
and the curvature satisfies
PHC6 Rg(A,B,C,D)= (1 − a);
PHC9 Rg(A,B,C,D)= 1(2c2 − 3c − 2ac + 2a + 1);2
S. Ivanov, S. Zamkovoy / Differential Geometry and its Applications 23 (2005) 205–234 227PHC10 Rg(A,B,C,D)= 12(c2 + 2ac − c);
Clearly there are constants (a, b, c) such that the corresponding Lie algebras admit anti-self-dual
neutral metric with non-zero Weyl tensor. For example, let us take c = −2, a = b = 0 in the Lie
algebra PHC9 described in Example 6.5(ii). The Lee form θ = B − C is not ∇g-parallel but
closed and the Weyl curvature does not vanish because R(A,B,C,D) = 15/2. In coordinates
x, y, z, t the left invariant vector fields A,B,C,D can be expressed as follows
A= e−2t ∂
∂x
, B = ∂
∂t
, C = ∂
∂t
− et ∂
∂z
, D = −e−2t ∂
∂x
− et ∂
∂y
.
The invariant neutral anti-self-dual metric with non-zero Weyl tensor has the form
ds2 = e4t dx dx + dt dt − et (dx dy + dy dx)+ e−t (dt dz+ dz dt).
It turns out that the conformal structure [g] induced by the invariant hyper-paracomplex structure on
the corresponding simply connected 4-dimensional Lie group is actually generated by a hyper-paraKähler
(hypersymplectic) structure, since the Lee form θ is closed (and therefore exact) in all 10 possible cases
described in [22]. On some of them the Lee form is zero and the structure is hyper-paraKähler (hyper-
symplectic).
Example 6.6. The solvable Lie group corresponding to the Lie algebra defined in [4] and obtained from
PHC9 for c = −1, a = b = 0, posses an invariant hyper-paraKähler (hypersymplectic) structure with non-
zero Weyl tensor since the Lee form vanishes and the curvature has non-zero value on an orthonormal
basis.
Summarizing, we get
Proposition 6.7. Any one of the nine simply connected solvable Lie groups corresponding to a solvable
4-dimensional Lie algebra admitting hyper-paracomplex structure supports a hyper-paraKähler (hyper-
symplectic) structure.
Remark 6.8. The hyper-paraKähler (hypersymplectic) structures on the nine solvable Lie groups men-
tioned in Proposition 6.7, are not left-invariant in general. There are left-invariant hypersymplectic
structure on exactly four cases according to the recent classification of the hypersymplectic 4-dimensional
Lie algebras [3].
Due to the Malcev theorem [52], the 4-dimensional nilpotent Lie group H has a discrete subgroup Γ
such that the quotient M = H/Γ is a compact nil-manifold, the Kodaira surface. It is known that these
surfaces admit a hyper-paraKähler (hypersymplectic) structure [46], see also [29].
Consider the solvable Lie algebra sol41 defined by non-zero brackets:
[X,Y ] = Z, [X,W ] =X, [W,Y ] = Y.
This Lie algebra can be obtained by taking a = b = 0 in the Lie algebra PHC6 described in Exam-
ple 6.5(ii).
The corresponding solvable Lie group is known to be Sol41. The geometric structures modeled on this
group appear as one of the possible geometric structures on 4-manifold [65]. The compact quotients of
Sol4 by a discrete group Γ constitute the Inoe surfaces modeled on Sol4 [65].1 1
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A hyper-paracomplex structure on the Lie algebra sol41 is given by
J3Z = Y, J3X =W, J2Z = Y, J2X =W −Z, J2W =X + Y.
Consider the oriented frame A=X, B =W , C =W −Z, D = −X−Y . A compatible metric g is defined
such that the frame {A,B,C,D} is orthonormal with g(A,A) = g(B,B)= −g(C,C) = −g(D,D) = 1.
The Lee form θ = B − C is not ∇g-parallel but closed and the Weyl curvature does not vanish because
R(A,B,C,D) = 1.
In coordinates x, y, z, t , the left invariant vector fields A,B,C,D on Sol41 can be expressed as follows
A= e−t ∂
∂x
, B = ∂
∂t
, C = ∂
∂t
− ∂
∂z
, D = −e−t ∂
∂x
− et ∂
∂y
− et x ∂
∂z
.
The left invariant neutral anti-self-dual metric with non-zero Weyl tensor on Sol41 has the form
ds2 = e2t dx dx + dt dt − (dx dy + dy dx)+ (dt dz+ dz dt)− x(dt dy + dy dt).
The left invariant hyper-paracomplex structures on Sol41, described above, descends to the Inoe surfaces
modeled on Sol41. Theorem 6.2 completes the proof of Theorem 1.4. 
All local hyper-paracomplex structures on 4-manifold, we have presented, are locally conformal to
hypersymplectic structures. We shall construct a local hyper-paracomplex structure which is not con-
formally equivalent to a hyper-paraKähler (hypersymplectic), i.e., its Lee form dθ = 0. We adapt the
Ashtekar et al. [7] formulation of the self-duality Einstein equations to the case of neutral metric and
modify the Joyce’s construction [45] of hyper-complex structure from holomorphic functions.
Example 6.9. Let V1,V2,V3,V4 be a vector fields on an oriented 4-manifold M forming an oriented basis
for TM at each point. Then V1, . . . , V4 define a neutral conformal structure [g] on M . Define an almost
hyper-paracomplex structure (J2, J3) by the equations
J3V1 = −V2, J3V3 = V4, J2V1 = −V4, J2V2 = V3.
Suppose that V1, . . . , V4 satisfy the three vector field equations
(6.49)[V1,V2] + [V3,V4] = 0, [V1,V3] + [V2,V4] = 0, [V1,V4] − [V2,V3] = 0.
It is easy to check that these equations imply the integrability of (J2, J3), i.e., (J2, J3) is a hyper-
paracomplex structure which is compatible with the neutral conformal structure [g]. Hence, [g] is
anti-self-dual, due to Theorem 6.2.
The neutral Ashtekar et al. Eq. (6.49) may be written in a complex form
(6.50)[V1 + iV2,V1 − iV2] + [V3 + iV4,V3 − iV4] = 0, [V1 + iV2,V3 − iV4] = 0.
Let M be a complex surface, let (z1, z2) be local holomorphic coordinates, and define V1, . . . , V4 by
V1 + iV2 = f1 ∂
∂z1
+ f2 ∂
∂z2
, V3 + iV4 = f3 ∂
∂z1
+ f4 ∂
∂z2
,
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cally if fj is a holomorphic function with respect to the complex structure on M . So we can construct a
hyper-paracomplex structure, with the opposite orientation, out of four holomorphic functions f1, . . . , f4.
Taking f1 = f , f2 = f3 = 0, f4 = 1 we obtain a local hyper-paracomplex structure. Consider a partic-
ular neutral metric g ∈ [g] such that
g(V1,V1) = g(V2,V2) = −g(V3,V3) = −g(V4,V4)= 1, g(Vj ,Vk)= 0, j = k.
The corresponding common Lee form is given by
θ = 1
f
∂f
∂z2
dz2 + 1
f¯
∂¯ f¯
∂¯ z¯2
dz2.
Then dθ = 0 provided ∂f
∂z1
= 0.
6.5. Twistor and reflector spaces on paraquaternionic Kähler manifold
Consider the space H˜1 of imaginary para-quaternions. It is isomorphic to the Lorentz space R21 with
a Lorentz metric of signature (+,+,−) defined by 〈q, q ′〉 = −Re(qq ′), where q = −q is the conjugate
imaginary paraquaternion. In R21 there are two kinds of ‘unit spheres’, namely the pseudo-sphere S21(1) of
radius 1 (the 1-sheeted hyperboloid) which consists of all imaginary para-quaternions of norm 1 and the
pseudo-sphere S21(−1) of radius (−1) (the 2-sheeted hyperboloid) which contains all imaginary para-
quaternions of norm (−1). The 1-sheeted hyperboloid S21(1) carries a natural paraHermitian structure
while the 2-sheeted hyperboloid S21(−1) carries a natural Hermitian structure of signature (1,1), both
induced by the restriction of the Lorentz metric and the cross-product on H˜1 ∼= R21 defined by
X × Y =
∑
i =k
xiykJiJk
for vectors X = xiJi , Y = ykJk . Namely, for a tangent vector X = xiJi to the 1-sheeted hyperboloid
S21(1) at a point q+ = qk+Jk (resp. tangent vector Y = yk−Jk to the 2-sheeted hyperboloid S21(−1) at a point
q− = qk−Jk) we define PX := q+ ×X (resp. JY = q− × Y ). It is easy to check that PX is again tangent
vector to S21(1), P 2X = X, 〈PX,PX〉 = −〈X,X〉 (resp. JY is tangent vector to S21(−1), J 2Y = −Y ,〈JY,JY, 〉 = 〈Y,Y, 〉).
We start with a paraquaternionic Kähler manifold (M,g, H˜ = (Jα)). The vector bundle P carries a
natural Lorentz structure of signature (+,+,−) such that (J1, J2, J3) forms an orthonormal local basis
of P . The are two kinds of “unit sphere” bundles according to the existence of the 1-sheeted hyper-
boloid S21(1) and the 2-sheeted hyperboloid S21(−1). The twistor space Z+(M) (resp. Z−(M)) is the
unit pseudo-sphere bundle with fibre S21(1) (resp. S21(−1)). In other words, the fibre of Z+(M) consists
of all almost paracomplex structures (resp. all almost complex structures) compatible with the given
paraquaternionic Kähler structure. The bundle Z+(M) over a 4-dimensional manifold with a neutral
metric was constructed in [44] and called there the reflector space. Further, we keep their notation.
Denote by π± the projection of Z±(M) onto M , respectively. Keeping in mind the formal similarity
with the quaternionic geometry where there are two natural almost complex structures [8,27], we ob-
serve the existence of two naturally arising almost paracomplex structures on Z+(M) (resp. two almost
complex structures on Z−(M) [19]) defined as follows:
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i.e., a splitting of the tangent bundle T Z± = H± ⊗V±, respectively, where V± is the vertical distribution
tangent to the fibre S21(1), (resp. S21(−1)) and H± a supplementary horizontal distribution induced by the
Levi-Civita connection. By definition, the horizontal transport associated to H± preserves the canonical
Lorentz metric of the fibres S21(1) (resp. S21(−1)); and also their orientation; as a corollary, it preserves
the canonical paracomplex structure on S21(1) (resp. the canonical complex structure on S21(−1)) de-
scribed above. Since the vertical distribution V± is tangent to the fibres, this paracomplex structure (resp.
complex structure) induces an endomorphism P˜ with P˜ 2 = id (resp. J˜ with J˜ 2 = − id) on V±z for each
z ∈ Z+(M) (resp. Z−(M)). On the other hand, each point z on Z+(M) (resp. Z−(M)) is by definition a
paracomplex structure on Tπ(z)Z+(M) (resp. a complex structure on Tπ(z)Z−(M)) which may be lifted
into an endomorphism P¯ on H+z with P¯ 2 = id (resp. J¯ on H−z with J¯ 2 = − id). We define an almost
paracomplex structures P1,P2 on Z+(M) and an almost complex structure J1,J2 on Z−(M) by
P1(V
+) = V+, P1|V+ = P˜ , P1(H+)= H+, P1|H+ = P¯ ,
P2(V
+) = V+, P2|V+ = −P˜ , P2(H+)= H+, P2|H+ = P¯ ;
J1(V
−)= V−, J1|V− = J˜ , J1(H−) = H−, J1|H− = J¯ ,
J2(V
−)= V−, J2|V− = −J˜ , J2(H−)= H−, J2|H− = J¯ .
Define a pseudo Riemannian metrics on Z+(M) (resp. Z−(M)) by h+t = π∗g + t〈 , 〉+v , t = 0, 〈 , 〉+v
being the restriction of the Lorentz metric to the fibres S21(1) (resp. h−t = π∗g + t〈 , 〉−v , t = 0, 〈 , 〉−v
being the restriction of the Lorentz metric to the fibres S21(−1)). It is easy to check that h+ (resp. h−) is
compatible with both P1,P2 (resp. J1,J2) such that (Z+(M),h+t ,P1,2) become an almost paraHermitian
manifolds (resp. (Z−(M),h−t ,J1,2) become an almost Hermitian manifolds).
The almost paracomplex structures P1,P2 and the neutral metrics h+t on the reflector space of a 4-
dimensional manifold with a neutral metric g are investigated in [44]. The authors show that the almost
paracomplex structure P2 is never integrable while the almost paracomplex structure P1 is integrable if
and only if the neutral metric g is self dual. They also prove that the neutral metric h+t on the reflector
space is Einstein if and only if g is self-dual Einstein and either ts = 12 or ts = 6.
Almost Hermitian geometry of (Z−(M),h−t ,J1,2) is investigated in [19]. The calculations there are
completely applicable to the almost paraHermitian geometry of (Z+(M),h+t ,P1,2). In terms of the almost
paraHermitian geometry of (Z+(M),h+t ,P1,2) Theorems 1 and 2 in [19] read as follows:
Theorem 6.10. On the reflector space (Z+(M)) of a paraquaternionic Kähler manifold of dimension
4n 8 we have:
(i) The almost paracomplex structure P1 is integrable and the Lee form of the paraHermitian structure
(P1, h
+
t ) is zero. The structure (P1, h+t ) is paraKähler if and only if ts = 4n(n+ 2);
(ii) The almost paracomplex structure P2 is never integrable and the Lee form of the almost para-
Hermitian structure (P2, h+t ) is zero. The structure (P2, h+t ) is nearly paraKähler if and only if
ts = 2n(n+ 2) and almost paraKähler if and only if ts = −4n(n+ 2).
Theorem 6.11. On the reflector space (Z+(M)) of an oriented 4-dimensional manifold M with a neutral
metric g we have the following:
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It is paraKähler if and only if the metric g is Einstein self-dual and ts = 12;
(ii) The Lee form of the almost paraHermitian structure (P2, h+t ) is zero. The structure (P2, h+t ) is nearly
paraKähler if and only if the metric g is self-dual Einstein and ts = 6 and almost paraKähler if and
only if ts = −12.
Remark 6.12. On a paraquaternionic manifold of dimension 4n 8 we may construct the almost para-
complex structure P1 on the reflector space Z+ and the almost complex structure J1 on the twistor space
Z− using the horizontal distribution generated by a torsion-free connection instead of the horizontal dis-
tribution of the Levi-Civita connection. In that case, we find an analogue of the result of S. Salamon
[60–62], (proved also independently by L. Berard-Bergery, unpublished, see [16]). Namely, we have
Theorem 6.13. On a paraquaternionic manifold of dimension 4n 8 the almost paracomplex structure
P1 on Z
+ and the almost complex structure J1 on Z− are always integrable
We sketch a proof which is completely similar to the proof in the case of quaternionic manifold pre-
sented in [16]. Denote by R the curvature of a torsion-free connection ∇ . Let S = xJ1 + yJ2 + zJ3
be either an almost paracomplex structure or an almost complex structure compatible with the given
paraquaternionic structure, i.e., the triple (x, y, z) satisfies either x2 + y2 − z2 = 1 or x2 + y2 − z2 = −1.
Denote by
S(R)(X,Y )= [R(SX,SY ), S]− S[R(SX,Y ), S]− S[R(X,SY ), S]+ S2[R(X,Y ), S].
In view of the analogy with the proof in the quaternionic case presented in [16, 14.72–14.74], the result
will follow if S(R) = 0. The last identity can be checked in the exactly same way as it is done in [16],
Lemma 14.74 using (6.46) instead of formulas 14.39 in [16].
6.6. Examples of nearly paraKähler and almost paraKähler manifolds
Theorem 6.10 helps to find examples of nearly paraKähler and almost paraKähler manifolds. We note
that the sign of the scalar curvature (if not zero) is not a restriction since the metric (−g) have scalar
curvature with opposite sign. Hence, taking the reflector space of any neutral (anti) self-dual Einstein
manifold with non-zero scalar curvature in dimension four and any quaternionic paraKähler manifold in
dimension 4n 8 we can find a real number t to get nearly paraKähler and almost paraKähler structure
on it.
(1) The pseudo-sphere S33 is endowed with an almost paracomplex structure [51] and it is shown in [13]
that there exists a nearly paraKähler structure on S33 induced from the so-called second kind Cayley
numbers (see [51]) in R43. The structure is Einstein with non-zero scalar curvature, in fact the metric
is the standard neutral metric on S33 inherited from R43.
(2) Start with one of the following 4-dimensional neutral self-dual Einstein spaces (S22 =
SO+(2,3)/GL+(2,R), can), (CP 1,1 = (SU(2,1)/(SO(1,1).U(1)), can)), or (SL(3,R)/GL+(2,R),
c.Kill|sl(3,R)), where c is a suitable constant and Kill|sl(3,R) is the restriction of the Killing form
of sl(3,R) to the homogeneous space SL(3,R)/GL+(2,R). The corresponding reflector spaces are
SO+(2,3)/GL+(2,R), SU(2,1)/(SO(1,1).U(1)), SL(3,R)/(R+ × R+ ∪ R− × R−), respectively
232 S. Ivanov, S. Zamkovoy / Differential Geometry and its Applications 23 (2005) 205–234[48]. These homogeneous spaces admit a homogeneous nearly paraKähler structure of non-zero
scalar curvature as well as an homogeneous almost paraKähler structure according to Theorem 6.11.
(3) Non-homogeneous example arises from the non-(locally) homogeneous neutral self-dual Einstein
space of non-zero scalar curvature described in [21]. Its reflector space admit a nearly paraKähler
structure of non-zero scalar curvature, as well as an almost paraKähler structure, due to Theo-
rem 6.11.
To the best of our knowledge there are no known examples of Ricci flat 6-dimensional nearly paraKäh-
ler manifolds.
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